Abstract. We establish a vanishing theorem on the square-integrable cohomology associated to the Cauchy-Riemann complex on some complete Kaehler manifolds. The hypothesis needed for this result is a growth condition on a primitive of the Kaehler form.
Introduction
Let (X n , ω) be a complete, Kähler manifold, with dim C X = n. A basic question, pertaining both to the function theory and topology on X, is: when are there non-trivial harmonic forms on X, in the various bi-degrees (p, q) determined by the complex structure? When X is not compact, a growth condition on the harmonic forms at infinity must be imposed, in order that the answer to this question be useful. A natural growth condition is square-integrability; if Ω p,q (2) Recall that the Hodge theorem for a compact manifold Y says that each (real) cohomology class of Y is represented by a unique harmonic form. This marvelous theorem creates a dictionary between the topology of Y (its real cohomology) and the analysis, or geometry, of Y (the space of solutions to u = 0), and allows results on either class of objects to be transformed back and forth. The study of In this note, we establish a vanishing result on H p,q (2) (X) when p + q = n, under the hypothesis that a primitive of ω does not grow too fast at infinity. This result extends a vanishing theorem from [16] in two ways: 1. we remove the assumption from [16] that the fundamental form ω is given by a global potential, and 2. we allow faster growth on the primitive of ω than was stated in [16] . An application of the vanishing results in [16] is given by Hunsicker in [13] . We also mention that the results in [16] themselves were extensions of vanishing theorems obtained by Gromov [11] , and that somewhat similar extensions of [11] were obtained by Cao-Xavier [4] and Jost-Zuo [14] . The papers by Anderson [1] , Atiyah-Patodi-Singer [2] , Dodziuk [5] , Donnelly-Fefferman [8] , Donnelly [6] - [7] , Zucker [22] and papers cited in their references, are recommended as sources for further, significant results on analytic aspects of L 2 -cohomology. There actually are two separate vanishing theorems in [16] , only one of which is extended in this paper. The other result, Theorem 2.1 in [16] , gave solutions to the first-order operators∂ and∂ * , with estimates in the ω-metric, in addition to the vanishing of H p,q (2) (X). This theorem, of course, required stronger control at infinity on a primitive of ω. In the last section of this paper, we examine some examples which illustrate the borderline between manifolds where we have vanishing of H p,q (2) (X) without estimates on the first-order operators∂ and∂ * , i.e. manifolds where only Theorem 2.6 in [16] (or, more generally, Theorem 1 below) hold, and cases covered by Theorem 2.1 in [16] .
Background and statement of result
Throughout, (X, ω) denotes a connected, complete, Kähler manifold of complex dimension n. The fundamental form ω, which in local coordinates (z 1 , . . . , z n ) can be written as ω = i k,l g kl dz k ∧ dz l , gives rise to a metric g, which has the local expression
if we view g as a complex inner product on T 1,0 (X). The space of all measurable (p, q)-forms on X will be denoted Ω p,q (X). The inner product g may be functorially lifted to all the spaces Ω p,q (X), and we let ·, · denote this pointwise inner product.
The global inner product is defined
where dV ω = c n n times ω ∧ · · · ∧ ω is the volume form determined by ω. We also write |u|
Let ϑ denote the formal adjoint of the Cauchy-Riemann operator∂ relative to the inner product above. The complex Laplacian, =∂ϑ + ϑ∂, is defined on Dom( ), where Dom( ) is domain of the unbounded operator . The L 2 harmonic forms are denoted
Here φ = 0 is meant in the sense of distributions.
Recall that a function E : X −→ R is called an exhaustion function if, for any k ∈ R,
We shall only seriously consider C 1 exhaustion functions below.
Note that the (regularized) distance function, ρ, associated to the metric g has the property that its differential dρ is f (E)-bounded for f ≡ constant and for any exhaustion function E. 
Note that since dω = 0 (the Kähler condition), a solution to∂u = ω exists locally. However, for more topological purposes than we are concerned with here, Definition 2 should probably be formulated on the universal cover of X. That is, ifX is a simply-connected space which covers X, ω lifts to a Kähler formω onX and one can always find a global solution to∂ũ =ω; thus it is not necessary to hypothesize (i) onX.
(This was what Gromov did in [11] with his condition of Kähler hyperbolicity). Conditions (ii) and (iii) are not automatic and, taken together, are the growth hypotheses mentioned in the introduction.
The vanishing result that follows from these notions is Note that the hypothesis (ii) in Theorem 1 simplifies when ω is given by a global potential which is also an exhaustion function on X, e.g. the Bergman metric for X a pseudoconvex domain in C n . To illustrate, suppose that X ⊂⊂ C n and ω = i∂∂λ for a function λ ∈ C 2 (X) which satisfies λ(z) −→ ∞ as z → bX. Suppose that there is no C < ∞ such that
(so Theorem 2.6 in [16] does not apply), but that there is some K < ∞ such that
Proof of Theorem 1
The proof of Theorem 1 follows very closely the method used to prove Theorem 2 in [4] and Theorem 2.6 in [16] .
We first recall some basic facts from Kähler geometry. For a proof of the first 2 results, see [21] or [10] ; for a proof of the third result, see [9] .
be the operator of multiplication by the Kähler form (the Lefschetz map). Then
[ , L] = 0.
(X).
Lemma 3.2. The operator
is injective, if p + q < n. 
Note that supp χ k ⊂ X k and χ k ≡ 1 on X k−1 . Suppose that p + q < n and let h ∈ H p,q (2) (X). By Lemma 3.1, ω ∧ h ∈ H p+1,q+1 (2) (X) and, so, Lemma 3.3 implies that ω ∧ h is ϑ-closed. Let h = α ∧ h. Since χ k · h has compact support, an integration by parts gives
Again by Lemma 3.3, h is∂-closed. Thus
We now substitute (3.2) into (3.1) and consider the two terms coming from the right-hand side of (3.2) separately. For the first term, the fact that supp χ k ⊂ X k \ X k−1 and the fact that ω is bounded in the <, > inner product imply
for the functions f, g in Definition 2. The second inequality follows from our hypotheses on E and α. The assumption that h ∈ H p,q (2) (X) implies that there exists a subsequence {k l } such that
Otherwise, for some c > 0,
So, for the sequence given by (3.4), it follows from (3.3) that
For the term coming from the second term on the right-hand side of (3.2), the dominated convergence theorem implies (3.6) lim
Substituting (3.5) and (3.6) into (3.1), it follows that ω ∧ h = 0. Lemma 3.2 implies that h = 0. Finally, Poincaré duality extends the argument just given to the case when p + q > n. This completes the proof.
Strictly versus weakly Kähler convex
In this section we assume that ω = i∂∂λ, for some λ ∈ C 2 (X) with λ ≥ 1 on X; many standard Kähler manifolds are of this type. Suppose that for all p ∈ X, there exists constants A, B < ∞ such that
where the inequality is meant in the sense of currents. In [16] , (X, ω) was then called Kähler convex and, if B could be chosen strictly less than 1 in (4.1), (X, ω) was called strictly Kähler convex. The distinction was made because if (X, ω) was Kähler convex than we could only conclude that H p,q (2) (X) = 0 if p + q = n (Theorem 2.6 [16] ) but, if (X, ω) was strictly Kähler convex, then we could also show there exist constants m, M depending only on universal constants and the constants A, B in (4.1), such that
(Theorem 2.1 [16] ). Inequality (4.2) is highly desirable, as it gives information about the first-order∂-cohomology, in addition to the secondorder -cohomology; see, for example, Proposition 2.4 and Corollary 2.5 in [16] .
There are a number of natural situations where (X, ω) just fails to be strictly Kähler convex, i.e. λ s . For more information about related weighted estimates for∂, we refer to the paper by Berndtsson [3] .
Finally, for (regularized) Poincaré type metrics, ω = i∂∂(− log(|h| 2 + )), it is straightforward to compute as above that (4.1) is satisfied, but the smallest B is B = 1; we are therefore again in the situation of "vanishing without estimates".
